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                                                                    Summary





    In this article, the elucidation of the inconsistency of the type 3 = 6 met at the derivation of Euler’s equations  which describe  the rotation about a fixed point of a rigid body is presented. To  this end, the dynamic balance law called d’Alembert’s supplemented principle has been formulated which as a generalization of  Newton’s  supplemented  third law, has been derived directly  from experience. Generalizing this law to any physical media, the primary principles of dynamics of those media have been corrected and the dynamics of multiatomic gases has been formulated. .  However Newton’s second multidimensional law supplemented  by constraints equation in Riemann’s   multidimensional space leads also to six dynamic  equations of the general motion of a rigid body as well as to dynamic  equations of motion in a covariant from which are  Appell’s equations of any holonomic and inholonomic material system in Riemann’s subspace of space.


 


   Correspondence only in the Polish language.
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                                                                                    1. INTRODUCTION





     It is commonly known that in order to determine the equation of general motion of a rigid body, the solution of the following set of equations is requisite:


               


                               � OSADŹ Equation.2  ���                    � OSADŹ Equation.2  ���                      � OSADŹ Equation.2  ���


	


                      � OSADŹ Equation.2  ���	                            � OSADŹ Equation.2  ���        	(*)					


                                                            � OSADŹ Equation.2  ���	


	                             	


    A question may be asked.  What is the wording of the fundamental laws of physics whose generalization leads to the above  equations?  The  answer for the first  three equations is known. The primary law of physics for the law of motion of the centre of mass is Newton’s second law as follows:





                                                                           � OSADŹ Equation.2  ��� 
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As to the three remaining equations,  i.e.  for Euler’s equations, no response  has been found for such question. According to the existing derivations it is clear that those equations are dependent on the law of the motion of the centre of mass, since they are derived from Newton’s second law.


     One of the derivations of the law of momentum for a  rigid  body, which yields  Euler’s  equations   consists in defining primarily the term momentum:





                                                          � OSADŹ Equation.2  ���








Afterwards differentiating    both sides of the above equation for   t    and using the notation  (**)   we obtain the so-called momentum principle as follows:





                                       � OSADŹ Equation.2  ���





which in turn,after its generalizing on a set   of particles, has led to the so-called  „law of momentum’’ and then to Euler’s equations. It is to be expressly highlighted  that while  derivating we apply the equation  (**) i.e. Newton’s second law.


        In sciences the foundation to formulate a law  of nature is experience. It is to be noted, that the above momentum principle is based upon  the definition of momentum and on Newton’s second law.  The  definition, mathematical transformation as well as the application of a certain law of nature may not be the basis to formulate a new law of nature, however such  new  laws of nature are Euler’s equations which describe the motion of a rigid body about a fixed point which is absolutely independent of its translation. In the above formulation of the momentum principle we do not rely on any experience.


      Another derivation of the momentum principle is based on the identical transformation of both sides of Newton’s  formula  (**) .  By vector  multiplication of both sides of Newton’s formula by vector � OSADŹ Equation.2  ���we arrive at:


                           


                          � OSADŹ Equation.2  ���








A  mathematical  transformation of a certain law of nature may not lead to another  law of nature. It  signifies that the momentum principle  obtained in such way is still Newton’s second law but in an amended from, i.e.





                                       � OSADŹ Equation.2  ���





Since after generalizing the momentum principle formulated  in the above manner we obtain Euler’s equations, we may write:








              � OSADŹ Equation.2  ���                         � OSADŹ Equation.2  ���                           � OSADŹ Equation.2  ���


                                             � OSADŹ Equation.2  ���                                   � OSADŹ Equation.2  ���                                      � OSADŹ Equation.2  ���       equations  (*)


              (� OSADŹ Equation.2  ���)’                      � OSADŹ Equation.2  ���                     � OSADŹ Equation.2  ���








It is to be noted that the  formula of Newton’s second law  written down twice contains only three independent equations, hence the derivation found in the literature and relative to the dynamic equations on the general motion of a rigid body indicate that 3 = 6.








                                      D’Alembert’s  supplemented and generalized principle                                               3





       The problem has been explained in this paper relying on two  independent laws of physics independent of each  other, i.e.  on the so-called dynamic equilibrium law which is named d’Alembert’s  supplemented  law  which  being  the generalization of Newton’s  third law is  derived directly from experiences as well as on Newton’s second law supplemented by the motion equation or by the initial conditions.  The extension of the dynamic equilibrium law to an ideally rigid body leads to six equations of the general motion of a rigid body, and after its generalization, Newton’s second law supplemented by the multidimensional equation of constraints  leads also to the six equations of coordinates in the six dimensional Riemman’s space immersed in the 3n-dimensional Euclid’s space.


 





                         2.  THE LAW OF DYNAMIC EQUILIBRIUM CALLED  D’ALEMBERT’S  SUPPLEMENTED   


                                                                                     PRINCIPLE   [3],[4],[5]








       As is known, Newton’s  third law states that the action   � OSADŹ Equation.2  ���  of body A on body B along  with the reaction � OSADŹ Equation.2  ���  � OSADŹ Equation.2  ���   of body B on body  A,    satisfy  the  following  conditions:   1/   � OSADŹ Equation.2  ���


2/   � OSADŹ Equation.2  ���  3/     � OSADŹ Equation.2  ���   4/  � OSADŹ Equation.2  ���    It denotes the sum  of those  forces  is  equal to zero:


                                                 � OSADŹ Equation.2  ���





and that the sum of the moments of those forces about an arbitrary point in space is equal to zero:





                  � OSADŹ Equation.2  ���


                                                                 


Hence,  according to the fundamental law of statics, those forces make up a set equivalent to zero which is expressed by the equation:





            � OSADŹ Equation.2  ���


                                                              


where the equilibrium sufficient condition is fulfilled by itself.


     Advancing to the formulation of d’Alembert’s  principle let us deliberate - in an inertial system - the action of the  so-called accelerating device I on a free particle II.  Please note that the accelerating device I acts on particle II  with the force at a point  � OSADŹ Equation.2  ���  and the particle reacts on the accelerating device II  with the dynamic


reaction,  also       called  the  inertial  force   � OSADŹ Equation.2  ���      such that:   1/  � OSADŹ Equation.2  ���  2/� OSADŹ Equation.2  ���  3/� OSADŹ Equation.2  ���,  4/  � OSADŹ Equation.2  ���  It signifies that the forces satisfy the two conditions:





                                                             � OSADŹ Equation.2  ���





                                   � OSADŹ Equation.2  ���





and hence that the forces constitute a set equal to zero which  is expressed  by the formula:





                                                          � OSADŹ Equation.2  ���


                                                                                              


On  the  other  hand, if  the  forces  form  a  set  equal  to  zero , they  have  to fulfill the two conditions which are absolutely independent of each other:


                                                           � OSADŹ Equation.2  ���
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                                  � OSADŹ Equation.2  ���


                                      


which denotes that the sufficient condition of the dynamic equilibrium is fulfilled  by itself.


      Then, relying on the experimental results, the expression for the dynamic reaction,  i.e.  the inertial force, is created as a mirror inversion of the formula obtained thanks to the same results of experiments, the formula expressing the wording of Newton’s second law. So we have:� OSADŹ Equation.2  ���


                    	� OSADŹ Equation.2  ���                                                   � OSADŹ Equation.2  ���


                                                                     and


                            � OSADŹ Equation.2  ���                                                       � OSADŹ Equation.2  ���                   


Since the forces applied in the depicted experiments are point forces so the above equations are immediately supplemented by the points of application of these forces, and so by the equation of the motion of a point.


     Adding the initial conditions to comprehensively formulate the law of dynamic equilibrium, d’Alembert’s principle may be presented by the equations:





        1                                                  � OSADŹ Equation.2  ���	


	                         � OSADŹ Equation.2  ���     for       � OSADŹ Equation.2  ���     � OSADŹ Equation.2  ���





Let us note that the necessary condition for the dynamic equilibrium yields Newton’s second law supplemented by the initial conditions:





 � OSADŹ Equation.2  ���,    � OSADŹ Equation.2  ���      � OSADŹ Equation.2  ���     � OSADŹ Equation.2  ���    for    � OSADŹ Equation.2  ���  � OSADŹ Equation.2  ���





whereas the sufficient condition for the dynamic equilibrium  yields the identity:





                       � OSADŹ Equation.2  ���� OSADŹ Equation.2  ���





as well as the automatic fulfillment of the momentum  principle:





                                   � OSADŹ Equation.2  ���





    The relation between d’Alembert’s   supplemented principle and Newton’s  supplemented third law is most comprehensively illustrated  by the following experiment. Let us note that if a reference frame is attached to the accelerating device (UP)  and  an observer is placed within such noninertial  frame, then he shall apply Newton’s third law to describe the interaction between the ball and  accelerating device , since both objects are at rest in this frame . The static equilibrium is  provided . Whereas for an observer within  an inertial frame ideally  the same equilibrium, which is present between action UP exerted on the ball and the latter reaction exerted on UP, is described with d’Alembert’s  supplemented principle . So we may say that Newton’s third law in a noninertial reference frame is ideally the same as d’Alembert’s  supplemented principle in an inertial reference frame.





    





                                  3.   SUPPLEMENTED EXPRESSION S OF  D’ALEMBERT’S  PRINCIPLE AND THEIR


                                                    APPLICATION IN DYNAMICS OF MATERIAL MEDIA    [ 3],[4],[5]








      It happens that the law of dynamic equilibrium formulated for a particle upon which a surface force acts, generalized for mass forces, � OSADŹ Equation.2  ���for several forces at  a point, for inertial reference frames and for arbitrary material media, corrects the primary  fundamentals of dynamics applicable for those media. Below,   are   itemized        the
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equations for d’Alembert’s generalized principle’s expression  as well as the conclusions derived from its application in case of any material medium.


a)  The generalized law of dynamic equilibrium for mass forces is  expressed by the equation:  


                                                                                


           2		� OSADŹ Equation.2  ���                                                                                                    


                               � OSADŹ Equation.2  ���                           � OSADŹ Equation.2  ���


b)  The application of the principle of independence of forces to d’Alembert’s  principle yields:


          3            � OSADŹ Equation.2  ���


 where:                                       � OSADŹ Equation.2  ���


 and                                                                  � OSADŹ Equation.2  ���





 c)   D’Alembert’s  generalized  principle’s  form for noninertial  reference frames is expressed by the relation





         4                                                       � OSADŹ Equation.2  ���


 where:                           


                                               � OSADŹ Equation.2  ���


  


d)    D’Alembert’s  generalized principle  for a free set of particles with internal forces as below:





       5                                                 � OSADŹ Equation.2  ���     


       6                               � OSADŹ Equation.2  ��� 


                                                                            i = 1,2,…n,





yields, that the momentum principle for a set of particles is satisfied by itself:





                � OSADŹ Equation.2  ���         � OSADŹ Equation.2  ���         � OSADŹ Equation.2  ���





e)    While implementing the law of dynamic equilibrium to a set of particles with the influences of moments laid  down as





       7                                        � OSADŹ Equation.2  ���


       8                          � OSADŹ Equation.2  ���





    


it may be proved that such influences of moments, construed as self contained physical quantities  independent of forces, do not exist, i.e.:  








                                                              � OSADŹ Equation.2  ���        � OSADŹ Equation.2  ���
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f)    Using d’Alembert’s  supplemented  principle to the model of a continuous medium:


         9                               � OSADŹ Equation.2  ���


it has been proved that out of the necessary condition of the dynamic equilibrium:


			            � OSADŹ Equation.2  ���


an equation of motion is derived:


		                            � OSADŹ Equation.2  ���





and on the other hand out of the sufficient condition for the dynamic equilibrium,  which is fulfilled by itself:


	                     � OSADŹ Equation.2  ���


a new physical law is established, the law of symmetry of the stress tensor:


                                                             � OSADŹ Equation.2  ��� 


 g)   Implementation of the law of dynamic equilibrium to a rigid body:





        1O                 � OSADŹ Equation.2  ���  





 yields that the necessary condition for the dynamic equilibrium:


                                                        � OSADŹ Equation.2  ���  


leads to the law of the centre of mass: 


                                                             � OSADŹ Equation.2  ���


whereas the sufficient condition for the dynamic  equilibrium:


                                 � OSADŹ Equation.2  ���   


leads to the momentum law:


                                                             � OSADŹ Equation.2  ���  


     D’Alembert’s  generalised principles’  expressions for a rigid body being in translation,  rotation, plane displacement, rotation about a fixed point and general motion are the following formulae:


        


          11                         � OSADŹ Equation.2  ���





          12                           � OSADŹ Equation.2  ���





          13                      � OSADŹ Equation.2  ���
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          14                          � OSADŹ Equation.2  ���


 


                                             � OSADŹ Equation.2  ���


		


h)    Applying the above specified formulae for d’Alembert’s   supplemented and generalized principle to a set of bodies being in translation, rotation, plane displacement, rotation about a fixed point and general motion, this principle is extended on to the entire set of bodies:





            15           � OSADŹ Equation.2  ���                                              


                           � OSADŹ Equation.2  ���





k)     The so-called principle of kinostatics may be expressed with the following words:  ,,in an arbitrary reference frame real bodies being in motion,   which in  given circumstances may be  replaced by the model of a  rigid  body,


and being  „cut out’’   of a set of real bodies and  after their supplementing by the  model of rigid body, remain  in dynamic equilibrium. i.e.  active, mass and surface forces, external reactions and inertial forces constitute a system equal to zero, i.e.:


            16                          � OSADŹ Equation.2  ���





and





           17                � OSADŹ Equation.2  ���                       


            


if


                                       � OSADŹ Equation.2  ��� 





l)     Implementing d’Alembert’s    supplemented  and generalized principle  to a material medium made up from molecules to which a spin has been prescribed:





             18                                    � OSADŹ Equation.2  ���


             19             � OSADŹ Equation.2  ���       


           


it has been proved that either the moment influences are impossible, or the particles of the medium have         to rotate at an extremely high angular speed. 





m)     Implementing d’Alembert’s  supplemented and generalized principle to a continuous model of that medium in the following form:





              20                       � OSADŹ Equation.2  ���


            


one may prove that the assymetric theory of solid and fluid media does not reflect reality.





o)    Whereas  for  polyatomic  gases  whose   particles  may  rotate at great angular  speeds, the  law  of  dynamic equilibrium, applied to the so-called Cosserats’ symmetric medium, expressed in the following formula:	





                    


              21                      � OSADŹ Equation.2  ���
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             22                       � OSADŹ Equation.2  ���





  for a discrete  medium and





             23                      � OSADŹ Equation.2  ���





for  a continuous medium, enables the formula for the power for internal forces’ moments to be determined thus:





                                                                � OSADŹ Equation.2  ���





 and supplementing the first principle of thermodynamics by the power for internal forces’ moments





         		           � OSADŹ Equation.2  ���





 as well as the  formulation of a new  10-parameter  dynamics for polyatomic gases:





	� OSADŹ Equation.2  ���           � OSADŹ Equation.2  ���


� OSADŹ Equation.2  ���


,		                    � OSADŹ Equation.2  ���	


        � OSADŹ Equation.2  ���                 � OSADŹ Equation.2  ���                      � OSADŹ Equation.2  ���		


	


whose analysis  leads to the indication of the possibility to substantially increase the efficiency of heat   engines by the replacement of polyatomic  gases with a monoatomic  one.








p)   Applying d’Alembert’s principle to a single rigid body, replaced by  a  model  constisting  of   particles  linked    with weightless and ideally rigid struts, and expressed as:





		� OSADŹ Equation.2  ���





a generalized equation to the analytic dynamics is introduced which finds employment in the dynamics of a set of rigid bodies:





                                                     � OSADŹ Equation.2  ���





 


r)    The  implementation    of   d’Alembert’s  principle to a  set of  bodies   being  in  translation,  rotation,   plane 


displacement,  spherical  and general motion leads to the practicable  form of the general	equation for the  analytic dynamics:
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 	              � OSADŹ Equation.2  ���


     	           +	� OSADŹ Equation.2  ���	


                        + � OSADŹ Equation.2  ���


		                   +   � OSADŹ Equation.2  ���





s)    The  application  of d’Alembert’s   principle  to a rigid body and then  multiplying the necessary  condition  of the equilibrium  by the velocity  of the centre of mass, and the sufficient  condition  by  the  angular  speed  of  this body,  yields the possibility of formulating  the theorem  on  the kinetic  energy and power of this body:





      			� OSADŹ Equation.2  ���





			� OSADŹ Equation.2  ���         � OSADŹ Equation.2  ���


		� OSADŹ Equation.2  ���          � OSADŹ Equation.2  ���





					� OSADŹ Equation.2  ���


				          � OSADŹ Equation.2  ���





          � OSADŹ Equation.2  ���





t)   The    independent set of axioms of classical mechanics may be expressed in a simplified form as follows:


 1 -  there  are  reference  frames,  called  the  inertial  frames, where  real   bodies   arbitrarily   ,,cut out”          of a     set of   real bodies, remain at rest or translate rectilinearily  at  constant  velocity,  if  there  are  no external forces  that  act on the bodies or if  the  acting  forces  made  up  a  set  equal  to  zero  which  is expressed by the formulae:


		                 � OSADŹ Equation.2  ���,	i =  1,2,…,n,


               provided that                                        � OSADŹ Equation.2  ���


               and		                        � OSADŹ Equation.2  ���;


               the equation of co-ordinates, which are derived from the above conditions of the equilibriumi:


                                    � OSADŹ Equation.2  ���                  � OSADŹ Equation.2  ���                 � OSADŹ Equation.2  ���


		� OSADŹ Equation.2  ���            � OSADŹ Equation.2  ���           � OSADŹ Equation.2  ���


               each separately determine the so-called directional equilibrium of  a  translation  motion  and  same  of  a     


               rotary motion;
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 2 - out of the  statement: to every action there is always opposed an equal reaction and the both are     in         equilibrium	


                            2.1  the law of  static equilibrium,  i.e.  Newton’s  supplemented third law is concluded





                                                                      � OSADŹ Equation.2  ���





                            provided that


                                                                    � OSADŹ Equation.2  ���


                            and     


� OSADŹ Equation.2  ���








                              2.2   as well as, in an inertial system, the law of dynamic equilibrium, called d’Alembert’s 


                              supplemented principle:


                         				              � OSADŹ Equation.2  ���


                              where


			                   � OSADŹ Equation.2  ���          for          � OSADŹ Equation.2  ���       � OSADŹ Equation.2  ���





                              provided that


                                                             � OSADŹ Equation.2  ���  =  � OSADŹ Equation.2  ���      � OSADŹ Equation.2  ��� 


                                  


                                     � OSADŹ Equation.2  ���              � OSADŹ Equation.2  ���   for         � OSADŹ Equation.2  ���     � OSADŹ Equation.2  ���      





                               and


                                         � OSADŹ Equation.2  ���





                              as well as


                                            � OSADŹ Equation.2  ���





3 - the acceleration of a particle, onto which acts a set of forces, is equal to the geometrical sum of             accelerations, which  would  have  been  pertinent   to  the  particle,  if  each  individual  force  had  acted 


              on it separately, which is expressed by the relation:





        			                       � OSADŹ Equation.2  ���





              and conversely,  i.e. if


					                       � OSADŹ Equation.2  ���





              and				                        � OSADŹ Equation.2  ���





              then


			                                � OSADŹ Equation.2  ���            i = 1,2,…,n,
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              but


				                            � OSADŹ Equation.2  ���;





               and if in the inertial  reference frame a particle is subjected to the action of a set of active forces





			                                 � OSADŹ Equation.2  ���         i = 1,2,…,n,





                then the particle opposes these forces with  its dynamic reactions  i.e.  with the inertial forces





				             � OSADŹ Equation.2  ���        i = 1,2,…,n,


	   such that 


                               � OSADŹ Equation.2  ���





	   where: 


			               � OSADŹ Equation.2  ���


                 and  


  


                                                                        � OSADŹ Equation.2  ���





w)  Genesis of d’Alembert’s principle: why such a simple transformation of Newton’s second law           � OSADŹ Equation.2  ���      � OSADŹ Equation.2  ���       � OSADŹ Equation.2  ���,        � OSADŹ Equation.2  ��� � OSADŹ Equation.2  ���      � OSADŹ Equation.2  ���,


leads to such a tremendous qualitative change of the problem, i.e. converts the dynamics to statics. It is inadvertently caused by the implementation of the principle of independence of forces to d’Alembert’s principle:


     � OSADŹ Equation.2  ���,      � OSADŹ Equation.2  ���.


In Newton’s third law only two forces exist, same happens in case of d’Alembert’s principle; both the cases indicate that the forces counterbalance each other. And exactly the equilibrium of the two forces-thanks to the principle in statics on addition of systems equal to zero, and the principle of independence of forces-rules in the dynamics of any medium and causes that the conditions of equilibrium valid for the statics are applicable in the dynamics as well. 


		 





z)     Solving any problem sets in the field of statics and dynamics of a set of rigid bodies  by  means of  the    two methods,   where the first one relies on the traditional wording of Newton’s third  law and the second one is based upon the formulation of the law which leads down the equilibrium of  the action  and   reaction   forces,      then obtaining the identical magnitudes of the reactions in statics as well as the identical  differential  equations  for  the  motion in dynamics, one proves in a combined analytic & experimental  manner the  equilibrium    of  these  forces and the correctness of d’Alembert’s  supplemented principle.





 


                                4.   SUPPLEMENTED MULTIDIMENSIONAL NEWTON’S SECOND LAW AS THE 


                                            FUNDAMENTAL LAW OF DYNAMICS OF MATERIAL SYSTEM  [4],[5]





         It happens that Newton’s  second law supplemented  by the equation of motion, or the initial conditions:


			� OSADŹ Equation.2  ���			            � OSADŹ Equation.2  ���


						or


 		            � OSADŹ Equation.2  ���			for   � OSADŹ Equation.2  ���      � OSADŹ Equation.2  ���
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wards generalized thanks to Cartesian Product  of the sets of coordinates of points in a system, to extend on Newton’s  3n-dimensional  second law in Euclid’s  3n-dimensional space as well as on Newton’s 6-dimensional second law in Riemann’s  6-dimensional space, determined by the constraints imposed on a set of particles making up a rigid body:


    				  � OSADŹ Equation.2  ���,


			              � OSADŹ Equation.2  ���                 � OSADŹ Equation.2  ���,





			                     for  � OSADŹ Equation.2  ���       � OSADŹ Equation.2  ���,





Leads to the six independent equations of coordinates in the covariant form which describes the general motion of a rigid body.


      In the case of a holonomic and nonholonomic set of rigid bodies as well as of particles, Newton,s multidimensional  second law, supplemented by the equation of holonomic constraints, nonholonomic constraints and the initial conditions:





		� OSADŹ Equation.2  ���       � OSADŹ Equation.2  ���,


 		                   � OSADŹ Equation.2  ���	� OSADŹ Equation.2  ���





	                    � OSADŹ Equation.2  ���       � OSADŹ Equation.2  ���





		                          for   � OSADŹ Equation.2  ���        � OSADŹ Equation.2  ���





leads to Lagrange’s   quadratic equations being the equations of coordinates in the covariant form in Riemann’s space � OSADŹ Equation.2  ���:


			� OSADŹ Equation.2  ���


as well as to equations of coordinates in the covariant form in a subspace   � OSADŹ Equation.2  ���   of Riemann’s space � OSADŹ Equation.2  ���  which are Appell’s equations:


		                          � OSADŹ Equation.2  ���


which simultaneously determines their new geometrical interpreting.








    5.    SUPPLEMENTS OF , GENERALISATIONS OF AND PRECISING CONNOTATIONS TO D’ALEMBERT’S PRINCIPLE 





The traditional formula of d’Alembert’s principle, i.e. the active forces and inertial forces counterbalance each other, is: � OSADŹ Equation.2  ���


The supplemented expression of d’Alembert’s principle: the active and inertial forces counterbalance each other which I reflect by the formulae � OSADŹ Equation.2  ���,� OSADŹ Equation.2  ���for � OSADŹ Equation.2  ��� � OSADŹ Equation.2  ���, where these forces comply with the two totally independent of each other equilibrium conditions, the so-called necessary condition (NC) and sufficient condition (SC):


                 NC:       � OSADŹ Equation.2  ��� for   � OSADŹ Equation.2  ���    � OSADŹ Equation.2  ���,


and           SC:        � OSADŹ Equation.2  ���  
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1/   The aforementioned d’Alembert’s principle is supplemented by me by the formula referring to its actual wordin


                                                          � OSADŹ Equation.2  ���.	


2/   This principle, valid for a particle, is supplemented by the equation of moments by me:


	                                � OSADŹ Equation.2  ���,


proving herewith that the equation of momentum is one of the Laws of Nature, and the equation of moment of momentum is another Law of Nature, both being absolutely independent of each other (in the literature the equation of moment of momentum is derived by transforming the equation of momentum).


3/  Further, I supplement d’Alembert’s principle by the identity:


	              � OSADŹ Equation.2  ���,


which denotes that the equation of moment of momentum is solved by itself:� OSADŹ Equation.2  ���.


4/  Furthermore, I add initial conditions:   for  � OSADŹ Equation.2  ���   � OSADŹ Equation.2  ���.


5/ The formula for the force of inertia:� OSADŹ Equation.2  ���is derived by me directly from experience (21 results), the formula being a mirror-invertion of the simultaneously derived formula to express Newton’s Second Law: � OSADŹ Equation.2  ���


6/ Due to the fact the formula for the force of inertia is obtained directly from experience, the principle of dynamic equilibrium is upgraded by me to a new law of mechanics the Law of Dynamic Equilibrium which is the most fundamental law of mechanics since it originates directly from the so-called complete definition of force (Item 12).


7/ I prove that d’Alembert’s principle stems from Newton’s third law, as its generalisation. Out of the expression : each action is followed by  counteraction, the both being in equilibrium, Newton’s supplemented third law and d’Alembert’s supplemented principle are obtained (Newton’s supplemented third law in a non-inertial system is ideally equal to d’Alembert’s supplemented principle in an inertial system).


8/ I make a generalisation of d’Alembert’s principle to include: body forces; plenty of forces acting on a point; non-inertial systems; any media imaginable. The generalised forms of the principle introduce corrections to the fundamentals of dynamics of those media, referring i.a. to the 3 = 6 mistake (Euler’s equations originate from the sufficient condition of the equilibrium of forces (Formula 10)):


    1.   � OSADŹ Equation.2  ���,    � OSADŹ Equation.2  ���   for    � OSADŹ Equation.2  ���    � OSADŹ Equation.2  ���,


    2.   � OSADŹ Equation.2  ��� � OSADŹ Equation.2  ���,


    3.   � OSADŹ Equation.2  ���  � OSADŹ Equation.2  ���,


    4.  � OSADŹ Equation.2  ���,   � OSADŹ Equation.2  ���,    � OSADŹ Equation.2  ���,


� OSADŹ Equation.2  ���5.  � OSADŹ Equation.2  ���                 6. � OSADŹ Equation.2  ���


   7.  � OSADŹ Equation.2  ���,   8. � OSADŹ Equation.2  ���, 


   9.  � OSADŹ Equation.2  ���,  	10. � OSADŹ Equation.2  ���,


 11.  � OSADŹ Equation.2  ���, 


 12.  � OSADŹ Equation.2  ���,               


 13.   � OSADŹ Equation.2  ���, 


   14.  � OSADŹ Equation.2  ���  ,


  15.   � OSADŹ Equation.2  ���   


  16.    � OSADŹ Equation.2  ���,        17.   � OSADŹ Equation.2  ���,


  18.    � OSADŹ Equation.2  ���,


  19.    � OSADŹ Equation.2  ���,
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  20.   � OSADŹ Equation.2  ���,


  21.   � OSADŹ Equation.2  ���,


  22.   � OSADŹ Equation.2  ���,


  23.   � OSADŹ Equation.2  ���.


9/ I provide both new wording and formulae (Formula 16 and Formula 17) on the so-called principle of kinostatics, the latter being based upon a direct implementation of d’Alembert’s principle in the dynamics of a material system. This new wording (and formulae) enable the formulation of additional dynamic equations on motion of a system (more than six).


10/ By experimental means I prove the authenticity of this principle substantiating in two ways the identity of the dynamic equations on motion of a material system, the ways being: the traditional one and that based upon d’Alembert’s supplemented and generalised principle.


11/ I prove that out of d’Alembert’s supplemented principle, based upon the necessary condition of the dynamic equilibrium, Newton’s second law-supplemented by initial conditions-is derived:  


	        � OSADŹ Equation.2  ���,      � OSADŹ Equation.2  ���  � OSADŹ Equation.2  ���   � OSADŹ Equation.2  ���       for  � OSADŹ Equation.2  ���      � OSADŹ Equation.2  ���.


12/ I introduce the term „complete definition of force” which requires supplementing by a relationship between the action and reaction, i.e. factually the supplement being: Newton’s supplemented third law:� OSADŹ Equation.2  ���;  and d’Alembert’s supplemented principle: � OSADŹ Equation.2  ���(each contact between two bodies is described by two forces, the latter being in equilibrium).


13/ I explain the so-called genesis of d’Alembert’s principle: why such a simple transformation of Newton’s second law           � OSADŹ Equation.2  ���      � OSADŹ Equation.2  ���       � OSADŹ Equation.2  ���,        � OSADŹ Equation.2  ��� � OSADŹ Equation.2  ���      � OSADŹ Equation.2  ���,


leads to such a tremendous qualitative change of the problem, i.e. converts the dynamics to statics. It is inadvertently caused by the implementation of the principle of independence of forces to d’Alembert’s principle:


     � OSADŹ Equation.2  ���,      � OSADŹ Equation.2  ���.


In Newton’s third law only two forces exist, same happens in case of d’Alembert’s principle; both the cases indicate that the forces counterbalance each other. And exactly the equilibrium of the two forces-thanks to the principle in statics on addition of systems equal to zero, and the principle of independence of forces-rules in the dynamics of any medium and causes that the conditions of equilibrium valid for the statics are applicable in the dynamics as well.


14/ In the statics-benefiting from the term „action of force relative to a point”- I prove, that if forces make up a system equal to zero, so the forces must conform to two independent conditions: the necessary condition and sufficient condition:


		� OSADŹ Equation.2  ���           � OSADŹ Equation.2  ���	  WK: � OSADŹ Equation.2  ���,     WD:   � OSADŹ Equation.2  ���.                         


And this theorem alone provides the basis for d’Alemberts supplemented and generalised principle.





		 


6.  FORMULATION OF BOTH NEWTON’S THIRD LAW AND D’ALEMBERT’S PRINCIPLE SUITABLE FOR THE ADOPTION TO THE EDUCATION PROGRAMME AT PRIMARY AND SECONDARY LEVELS


     Since determining  a transfer force requires the provision of its value �OSADŹ Equation.2���, a line of this force  l and its  direction, therefore the appropriate vector may be expressed as: �OSADŹ Equation.2���, which reads: a system of the force �OSADŹ Equation.2���on the straight line l. If a solid is under the influence of many such forces�OSADŹ Equation.2���, on straight lines �OSADŹ Equation.2���, i = 1,2,…,n, so the system of these forces, arranged appropriately in space,  shall be denominated  the system of transfer forces and be written as follows: �OSADŹ Equation.2��� i = 1,2,…,n. According to experience, a solid may be still, or in uniformly constant, rectilinear translation (UCRT), or in variable translation, or in rotary motion, or in plane motion, or in rotating about a fixed point, or in random motion. Acting on a solid, a system of forces with that particular property, where the solid is motionless or in uniformly constant, rectilinear translation, shall be designated as the system of forces equivalent to zero and be written as follows:  �OSADŹ Equation.2���,  i = 1,2,…,n.  In 
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case a solid is subjected to only two superficial forces, due to which it is in equilibrium or in UCRT, then those forces-which is in line with the above-firstly: constitute a system equivalent to zero, which is expressed by the formula: �OSADŹ Equation.2���, and secondly: in accordance with experience, those forces satisfy the conditions: 1/ �OSADŹ Equation.2���,  2/ �OSADŹ Equation.2���,  3/ �OSADŹ Equation.2��� 4/  �OSADŹ Equation.2���. Employing the principle on the addition of vectors it is immediately noticeable, that the first three conditions describing the free vector, refer to the sum of forces equal to zero, i.e.  �OSADŹ Equation.2���.  It happens that  upon inclusion of that condition to condition no. 4 that relates to the coincidence of the both lines of forces, and then using the equation of the straight line, condition for the coincidence of those lines, sum of forces equal to zero and the vector product of the vectors in question, after simple transformations [5], generally known conditions for the equilibrium of forces are arrived at, the conditions being determined by both the sum of forces equal to zero and sum of moments of those forces equal to zero, i.e.:


      �OSADŹ Equation.2���  �OSADŹ Equation.2���        �OSADŹ Equation.2���    �OSADŹ Equation.2���     �OSADŹ Equation.2��� �OSADŹ Equation.2���            			                �OSADŹ Equation.2���      �OSADŹ Equation.2���.


It is to be noted, that acoording to Newton’s third law the action  �OSADŹ Equation.2��� of body  A on body B along with the reaction �OSADŹ Equation.2��� of body B on body A satisfy the same four conditions, so: 1/ �OSADŹ Equation.2���,  2/  �OSADŹ Equation.2���, 3/ �OSADŹ Equation.2���, 4/ �OSADŹ Equation.2���, i.e. those forces constitute a system equivalent to zero, which may be expressed by:


		                     �OSADŹ Equation.2���,


and in accordance with the above, the following is true:


					�OSADŹ Equation.2���


and					      �OSADŹ Equation.2���.				


The handbooks for both the primary and secondary schools there is a statement that those forces do not counterbalance each other, since they act on two different bodies. In statics and dynamics two methods for the solution of problems concerning any system of solids are available. The first method utilises the traditional formulation of Newto’s third law. The second method, however, is based upon the aforementioned expression of Newton’s third law which announces the equilibrium of the action and reaction forces. The identical results obtained by those two methods for every consideration in mechanics are a good both analytic and experimental evidence that the action and reaction forces counterbalance each other [4], [5].


       It is to be noted that in case, where in an inertial reference system, one body act on a free material point with its active force �OSADŹ Equation.2��� and this point experiences acceleration �OSADŹ Equation.2���, then-in accordance with Newton’s third law-each action, so this pertinent action, is followed by a counteraction along the same straight line, this counteraction being equal by value and with the opposit edirection; the material point must exert  a counteraction on the first body with the real (the surface of the driving body is distorted where the bodies come into contact) force �OSADŹ Equation.2���, designated as  the dynamic reaction or inertial force such that: 1/ �OSADŹ Equation.2���, 2/ �OSADŹ Equation.2���,  3/ �OSADŹ Equation.2���, 4/ �OSADŹ Equation.2���. It denotes that those forces make up a system equivalent to zero, i.e.:


                                              �OSADŹ Equation.2���.


The above formula relates to a new law in physics named the law dynamic equilibrium or d’Alembert’s supplemented principle that in its contents includes six absolutely independent equations; the latter - on the basis of the preceding considerations - may be presented as follows


         �OSADŹ Equation.2����OSADŹ Equation.2����OSADŹ Equation.2����OSADŹ Equation.2����OSADŹ Equation.2����OSADŹ Equation.2��� �OSADŹ Equation.2���
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So assigning Newton’s third law the following wording: each action is followed by counteraction being in equilibrium with it, at the same time the law static equilibrium, it means Newton’s supplemented third law 





�OSADŹ Equation.2���, and the law of dynamic equilibrium designated as d’Alembert’s supplemented law: �OSADŹ Equation.2��� are derived. Since  �OSADŹ Equation.2���and   �OSADŹ Equation.2���, so the equation of the dynamic


reaction is:  �OSADŹ Equation.2���.  Therefore, in conclusion, the full formulation of d’Alembert’s supplemented principle is as follows:


        �OSADŹ Equation.2���,  �OSADŹ Equation.2���,       �OSADŹ Equation.2���, �OSADŹ Equation.2���,


to which the initial conditions are provided. At the secondary school the equation of moments is explained, which leads to the principle moment of momentum, the principle being satisfied by itself: �OSADŹ Equation.2���,


 �OSADŹ Equation.2���,   �OSADŹ Equation.2���.


It is to be highlighted that mutual action of two bodies on each other requires considering two issues. The first one relates to the description of such interaction of the motionless bodies in an inertial or non-inertial reference system. The second one is the description of interaction of the two bodies of which one, as a consequence of the action exerted by the other, accelerates in the inertial system. In the both cases two real superficial forces appear simultaneously: the action and reaction. A question arises: Has a physical phenomenon, i.e. the interaction of the two bodies, been adequately described in the both cases? Certainly not. Since a full picture of such interaction needs to be supplemented by a relationship between the both bodies. And so in case where those bodies remain motionless, the relationship between the action and reaction may be expressed as:


            �OSADŹ Equation.2���        �OSADŹ Equation.2���     �OSADŹ Equation.2���       �OSADŹ Equation.2���       �OSADŹ Equation.2���,                                                     


and in case where one body accelerates in an inertial system, as the response to the action of the other, the same relationship between the action and reaction needs the following formulae:


            �OSADŹ Equation.2���               �OSADŹ Equation.2���           �OSADŹ Equation.2���        �OSADŹ Equation.2���             �OSADŹ Equation.2���.


It denotes that those relationships are: Newton’s supplemented third law in the case where the bodies in question remain motionless in a reference system; and the law of dynamic equilibrium, i.e. d’Alembert’s supplemented principle in case one body - as the response to the action of the other - accelerates in an inertial system. The above considerations may be treated as the formulation of the so-called thorough definition of force. A conclusion may be drawn that the full description of force requires it to be supplemented by both Newton’s supplemented third law and d’Alembert’s supplemented principle which indicates their original significance (i.e. the law of the equilibrium of two forces) in mechanics, since they cover the term of force, and they in their contents include the six absolutely independent equations, their number being thus equal to that of the degrees of freedom inherent to a perfectly rigid body [3], [4], [5].


			         





		                                        REFERENCES	





     [1]  Newton  Isaac:    Philosophiae Naturalis Principia Mathematica, 1687


     [2]  D’Alembert  Jean le Rond:  Traite de Dynamique,  1743


     [3]  Stępniewski  Alfred.:   Treaty on Fundamentals of Mechanics.  D’Alembert’s  Supplemented and 


                                               Generalized Principle as Fundamental Law of Classical Mechanics, 


		                    Politechnika Szczecińska  1984


                                     D’Alembert’s  supplemented  and generalized  principle                                          17


                                                


     [4]   Stępniewski Alfred.:   Primary  Fundamentales of Classical Mechanics, PWA, Szczecin  1992


     [5]   Stępniewski Alfred.:   Lectures on Mechanics, Vol. I  & II, PWA , Szczecin  1993 


     [6]   Stępniewski Alfred:    Loi completee de Newton et principe elargi d’Alembert comme lois fondamentales


                                               de la mecanique, International Congress of  Mathematicians:    Section 13:        


                                               Mathematical physics and mechanics,  Warszawa 1982











			


				        Alfred Stępniewski					


				70-132 Szczecin,  ul. Ruska 33c/9 


			                    tel.  (004891)    4821968


                                                e-mail:  stepniew@safona.tuniv.szczecin.pl


				      alstep@free.polbox.pl


				      fredstep@friko.onet.pl


				      stepalf@kki.net.pl








			           Copyright  1996 by Alfred Stępniewski


        Permission is granted for individual and educational use and reproduction, provided that this document			  remains intact, with the copyright  notice clearly visible.

















